Let the ring S be a finitely generated module over a subring R of its center. Then it will be shown that S has the property that every right ideal can be generated by a bounded number of elements if and only if R has the property that every ideal can be generated by a bounded number of elements. As a corollary we show that a two-sided Noetherian affine ring satisfying a polynomial identity has the property that every right ideal can be generated by a bounded number of elements if and only if every left ideal can be generated by a bounded number of elements.
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ABSTRACT.
Let the ring S be a finitely generated module over a subring R of its center. Then it will be shown that S has the property that every right ideal can be generated by a bounded number of elements if and only if R has the property that every ideal can be generated by a bounded number of elements. As a corollary we show that a two-sided Noetherian affine ring satisfying a polynomial identity has the property that every right ideal can be generated by a bounded number of elements if and only if every left ideal can be generated by a bounded number of elements.
Introduction.
Several authors have studied commutative Noetherian rings with the property that there exists an integer fc such that every ideal can be generated by fc or fewer elements. I. S. Cohen [3] showed that the classical Krull dimension of such rings is at most one, and that if R is a local Noetherian domain of Krull dimension one then there exists a positive integer fc such that every ideal can be generated by fc or fewer elements. In the noncommutative case J. T. Stafford [11] has shown that if R is a right and left Noetherian ring for which there exists a positive integer fc such that every right ideal of R can be generated by fc or fewer elements then R has classical Krull dimension at most one. An example of A. V. Jategaonkar [5] shows that the assumption that the ring is merely right Noetherian is not sufficient for Stafford's theorem.
J. D. Sally [9] calls a commutative ring bounded if there is a bound for the number of generators of all ideals. Using multiplicity theory she shows that if R Ç S axe commutative rings and if S is a finitely generated Ä-module, then R is bounded if and only if S is bounded. In this paper we will show that this theorem can be extended to the case where S is noncommutative and R is central in S. Our proof provides a new approach to the commutative case since we avoid the use of multiplicity theory. ■ As an application we apply our theorem to affine rings satisfying a polynomial identity. Finally, we discuss several examples which indicate obstructions to some natural generalizations of our results.
submodule of M can be generated by fc or fewer elements we say that M satisfies r-Bnd(fc), If every chain of prime ideals has at most two distinct elements, we say that the classical Krull dimension of R is at most one. Since we will not need to mention other Krull dimensions we omit the adjective classical from now on. PROOF. Say R/p satisfies Bnd(fc). The proof is by induction on s. Say R/p3-1 satisfies Bnd(fc3_i). The Ä/p-module ps-1/Ps *s generated by, say, m elements. Thus any submodule of p5_1/pa can be generated by m • fc elements, hence any ideal of R/ps can be generated by fcs_i + m-k elements and R/p" satisfies Bnd. D
The following important theorem of 0. Forster and R. G. Swan plays a crucial role in the proof of our result.
THEOREM. Let R be a commutative Noetherian ring and S an R-algebra which is finitely generated as an R-module. Assume the Krull dimension of R is d, and let M be a finitely generated right S-module. If for each maximal ideal m of R, Mm is generated by r elements over Sm, then M can be generated over Sbyr + d elements.
PROOF. See Swan [12] . D 3. Theorem. THEOREM 1. Let R Ç S be rings with R Ç Z(S). If S is a finitely generated R-module then R satisfies Bnd if and only if S satisfies r-Bnd.
PROOF. If R satisfies Bnd, then S satisfies r-Bnd and Z-Bnd by Lemma l(iii), since S is a finitely generated A-module.
Conversely, suppose S satisfies r-Bnd(60)-Since S is finitely generated asanfimodule, R is Noetherian by Eisenbud's generalization of Eakin's theorem [4] . Since S is right and left Noetherian, S has Krull dimension at most one by Stafford's theorem [11] , and thus, since S is integral over R, R has Krull dimension at most one, by the "Going-Up" theorem [1] .
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Let pi, p2,.
• ■, pd be the minimal primes of the commutative Noetherian ring R. Then there exists a positive integer s such that 0 = JJf fl p| f"l • • • D p¿. If we can show that each R/pi satisfies Bnd, then, since the sequence of i2-modules is exact, the theorem will follow from Lemma 3. Let p be a minimal prime of R. Since S is integral over R, there exists a prime ideal P of S such that P D R = p. Hence S/P is a finitely generated i2/p-module, R/p Ç Z(S/P) and S/P satisfies r-Bnd. Thus we may assume that S is a prime ring and that R is a central integral domain contained in S.
We utilize a clever technique of Robson arid Small [7] to produce an "intermediate" ring T such that (i) RÇTÇS,
(ii) There exists a nonzero ideal A of S such that ACT, (Hi) R Ç T Ç Mn(R) for some positive integer n.
T is manufactured as follows: Say S = aiR+a2R-\-\-atR.
Choose a maximal R-independent subset of the a¿. After renaming, if necessary, we may assume that Since S is finitely generated as a module over a commutative ring, S satisfies a polynomial identity and thus every ideal of the prime ring S intersects Z(S) nontrivially. (See, for example, Rowen [8] .) Let 0 ^ A0 = AnZ(S) C TnZ(S) = D.
Since R Ç D Ç S, S is a finitely generated £)-module, and thus, as before, D is a Noetherian domain whose" Krull dimension is at most one. If D has Krull dimension zero, we are done since R would be a field. So we may assume D has Krull dimension one. There are only finitely many maximal ideals of D which contain An. Let m be a maximal ideal of D which contains Aq. Now Dm is a local Noetherian domain of Krull dimension one, and thus satisfies Bnd by Cohen's theorem [3] . Since T is a finitely generated module over D, Tm satisfies r-Bnd(6m) for some positive integer 6m. Let 6i = max{6m|m is a maximal ideal of D containing An}. Thus Tm satisfies r-Bnd(ii) for all maximal ideals m of D containing Ao-Next let m be a maximal ideal of D which does not contain Ao-Then Am = Tm = Sm since 1 G Am. Since Sm satisfies r-Bnd(6n), for each right ideal / of T, Im can be generated as a right 5m-module by 6n elements, and so /m can be generated as a Tm-module by bo elements. Thus Tm satisfies r-Bnd(6n) for all maximal ideals m of D not containing Ao. Let b = max{&o, bi}. For each right ideal / of T, Im can be generated as a right Tm-module by b elements. By the Forster-Swan theorem, T satisfies r-Bnd(6 + 1). is a right ideal of Mn(R), it can be generated by c elements. Clearly / can be generated by c • n elements and R satisfies Bnd. □ It is natural to ask whether we can relax the condition that S is a finitely generated iZ-module and replace it by the weaker condition that S is integral over R Ç Z(S) or that S satisfies a polynomial identity. In the last section of this paper we show that these generalizations fail.
Since R Ç T Ç Mn(R), Mn(R) is a finitely generated right T-module and thus
4. Affine PI rings. A ring S is said to be ring finite over R if S is finitely generated as an algebra over a commutative ring R C Z(S). We usually denote this by S -R{ai,a2, ■ ■ ■, ad}-If R is a field then we say that S is affine over R.
The following theorems contain, as special cases, the theorem on affine PI rings mentioned in the introduction. We begin by stating a theorem of Sarraillé which plays a crucial role in the proof of our result.
THEOREM, let S be a semiprime ring of Krull dimension at most one which satisfies a polynomial identity. Suppose that S is ring finite over R C Z(S) and that S is right and left Noetherian. Then S is a finitely generated module over Z(S).
PROOF. See Theorem 2.18 of Sarraillé [10] . THEOREM 2. Let S = R{a\,a2,..., ad} be ring finite over R Ç Z(S). Suppose that S is semiprime and satisfies a polynomial identity. If S satisfies r-Bnd, then S also satisfies /-Bnd.
PROOF. S is right Noetherian and hence it is left Noetherian by Cauchon's theorem [2] . Stafford's theorem [11] says that S has Krull dimension at most one. An application of Sarraillé's theorem yields that S is module finite over its center Z = Z(S). Theorem 1 says that Z satisfies Bnd and thus S satisfies /-Bnd. D By using standard ring-theoretic techniques it is now possible to replace the semiprime hypothesis in Theorem 2 by assuming the weaker condition that S is Noetherian on both sides. The first example is due to Wadsworth and Schelter (see Sarraillé [10] ). We will construct a prime ring S which satisfies both r-Bnd and /-Bnd as well as a polynomial identity, but for which Z = Z(S) does not satisfy Bnd. This and the next example show that the natural generalizations of Theorem 1 fail. EXAMPLE 1. Let Fi and F2 be subfields of the field E such that E is a finite satisfies Bnd.
Since S is finitely generated as a right and left module over T, S satisfies r-Bnd and /-Bnd. Finally, R -Z(S) and R does not satisfy Bnd since R is not even
Noetherian. G Our next example is a ring S which satisfies r-Bnd and /-Bnd and is integral over its center R which is not Noetherian. This example is taken from Blair [1] and is based on a commutative ring constructed by Mollier [6] . satisfies Bnd and since 5 is a finitely generated right T-module, S satisfies r-Bnd. On the other hand S fails to satisfy /-Bnd since it is not left Noetherian.
